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1. Introduction. Let K denote the quotient field of some Dedekind ring o K and N/K a finite Galois extension with Galois group Γ . Considering the action of the group algebra KΓ on the additive structure of N , the Normal Basis Theorem tells us that N KΓ , i.e. there exist t ∈ N with N = KΓ t = γ∈Γ Kγ(t) .
A more delicate problem is the study of the Galois module structure of o N , the integral closure of o K in N . o N is a module over the so-called associated order (1) A N/K := {α ∈ KΓ | αo N ⊂ o N }, and one is interested in an explicit description of A N/K and the structure of o N over it, especially whether or not o N A N/K . For more references and details we refer the reader to [11] , the second part of [16] or [8] .
If N/K is at most tamely ramified, a theorem of Noether shows that A N/K = o K Γ , and if furthermore K is a local field (i.e. complete with respect to a discrete valuation and with finite residue class field) and o K its valuation ring then o N A N/K .
If N is a finite abelian extension of Q and o N its ring of algebraic integers, then o N A N/K holds in the cases K = Q ( [12] , [13] ) and K = Q(ζ) with ζ a root of unity ([6] , [2] , [5] ), but there are examples for K, even with N/K unramified, where o N A N/K (see [3] ). Up to now it has not even been known whether for abelian fields N , o N is always a locally free A N/Kmodule, i.e. whether o N,p A N/K,p for each prime p ∈ spec(o K ). If A N/K 1991 Mathematics Subject Classification: 11R33, 11S20. This paper was written while visiting the University of Exeter (GB), financially supported by the British Council (grant no. VIE/891/7) and the University of Exeter. Many thanks to the department of mathematics for their kind hospitality and to N. P. Byott for useful conversations.
is a Hopf order and Γ is abelian, it was proved in [7] that o N is locally free over A N/K . Unfortunately, A N/K is not a Hopf order in general. The present paper gives an affirmative answer to this question for absolutely abelian number fields.
Following the proof of this theorem, also for p = 2 an explicit description of A N/K can be obtained, starting with the result of Proposition 3(a). In the same way, one can obtain an explicit generator 
Galois module structure for abelian extensions of local fields.
Some results in Section 2 of [5] describe how the Galois module structures of different field extensions are related in some special cases. For local fields we will obtain stronger results. Throughout this section, K will be a local field and N/K a finite abelian extension with Galois group Γ . 
Note that Proposition 1(a) also holds for global fields if we only assume that N and K are arithmetically disjoint over K. 
(b) This is a specialization of Exercise 6.3 on p. 139 of [9] . Suppose The following lemma together with Lemma 6 of [5] enables us to obtain the Galois module structure for any abelian extension of a local field K as soon as we know this structure for all totally ramified, abelian extensions of K. 
If there exists some intermediate field
Lemma 1 can also be proved by using class field theory and analysing the norm groups, but we offer a more elementary proof. P r o o f (of Lemma 1.) We put N = N K and will show that this field has all the required properties. Since both N and K are abelian over K, so is N /K. Obviously, N /N is unramified. It only remains to show the existence of a field N as stated in the lemma. Consider the exact sequence
Let σ ∈ Gal(K/K) be a generator of this cyclic group and take any τ ∈
, is the identity on both N and K, we have τ
, the field fixed by G , the remaining claims immediately follow.
Since it will be of general interest, we also include the following result, which can be used to deduce Theorem 1 for p ≥ 3 from Proposition 3 or from the global result of [2] or [5] . Alas, it does not apply to non-maximal orders and gives no information about Galois generators. I would like to thank M. J. Taylor for many useful discussions leading to this result.
(c) Assume that Γ ≥ Γ 0 ≥ Γ 1 are the inertia group and the first ramification group, resp., and put ZΓ . Now we use an idea from the proof of Proposition 2.1 of [17] . Consider the exact sequence
where π is defined by π(y ⊗ γ) = y γ . Since N 0 /K is unramified, there exists some t ∈ o N 0 with tr N 0 /K t = 1, where tr denotes the trace. Using such a t,
where γ runs through a set of representatives for Γ/Γ 0 . One easily checks that i and π are Γ -equivariant, thus A ⊗ ZΓ , which yields all our assertions.
(c) Γ 0 is abelian, thus we have
Thus
is the maximal order, and it equals
A N/N 0 because its elements obviously map o N into itself. So we obtain
which together with part (b) completes the proof.
The result for fields contained in
Let us agree on the following notations: for any p ∈ P and k ∈ N let ζ p k ∈ Q p be a root of unity of order p 
are the primitive idempotents of the group algebra
where Γ L ⊂ Γ denotes a set of representatives for the classes of characters which are conjugated over L. Throughout this section, we will fix the following situation: let
p , where m, n are chosen minimal with 1 ≤ m ≤ n (2 ≤ m ≤ n if p = 2, resp.). Put Γ = Gal(N/K) and let ζ ∈ Q (n) p denote a root of unity of order p n . For any t ∈ N, let
denote a set of automorphisms representing Gal(K t /Q p ). Then we have the following result:
Here ω denotes the quadratic character belonging to
2 ) and M 1 is the maximal order of
, where
First we consider a special situation: 
So we obtain
Thus the above calculation yields Lemma 2(b) in this case. Now we consider the case 0 ≤ ν < n − 2m, which yields
Now we can calculate
Using (2), we obtain for p ≥ 3,
else. For p = 2 we arrive at
else. The proof now concludes as in the first case.
(c) There is some ∈ R n−m−ν which does not induce the identity on 
(b) There exists τ r ∈ R n−m−ν such that for all σ ∈ R n−m−ν and for all s with 1 ≤ s ≤ e we have
There is a one-to-one-correspondence between R n−m−ν × ∆ and the set R n−m−ν which we considered in Lemma 2(b). Thus there exist uniquely determined θ r ∈ ∆ and τ r ∈ R n−m−ν such that for all σ ∈ R n−m−ν × ∆ we have
if σ = θ r τ r . Now an easy calculation yields the claim of part (b).
(c) The same argument as for Lemma 2(c) applies.
After these preliminary results we now prove Proposition 3.
Proof of Proposition 3
Case I: p ≥ 3. Since Q p , the situation dealt with in Lemma 3, and we take over the notations used there. Let M be the maximal order of KΓ , which decomposes as
It suffices to show that
If ν ≤ n − 2m we use Lemma 3(a) in [5] to obtain for any τ ∈ R n−m−ν ,
with v p (r) = ν. Using Lemma 3, we get
and therefore
which contains all roots of unity of order p
therefore we obtain
and
/Q p ) one can check that the last sum contains all roots of unity of order p
Thus we achieved
Case II: p = 2. 
